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Connectivity in undirected graphs 
Let G = (V,E) be an undirected graph, with m edges and n vertices. 
 

•  G is connected if there is a path from each vertex to every other vertex 
in G. 

 The connected components of G are its maximal connected 
subgraphs. 

 
•  A vertex v ∈ V is an articulation point if its removal increases the 

number of connected components of G. 

 A graph G is 2-vertex connected if it has no articulation points. 

  à An articulation point is a vertex cut for G. 
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Connectivity in directed graphs 
Let G = (V,E) be a directed graph, with m edges and n vertices. 
 

•  G is strongly connected if there is a directed path from each vertex to 
every other vertex in G. 

 The strongly connected components (SCCs) of G are its maximal 
strongly connected subgraphs. 

 
•  A vertex v ∈ V is a strong articulation point (SAP) if its removal 

increases the number of strongly connected components of G. 

 A digraph G is 2-vertex connected if it has no strong articulation points. 

  à A strong articulation point is a vertex cut for G. 
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A vertex v ∈ V is a strong articulation point if its removal increases the 
number of strongly connected components of G. 

Connectivity in directed graphs 
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A vertex v ∈ V is a strong articulation point if its removal increases the 
number of strongly connected components of G. 

Connectivity in directed graphs 
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Vertex 5 is a strong 
articulation point 



An edge (u,v) ∈ E is a bridge if its removal increases the number of 
connected components of G. 

A graph G is 2-edge connected if it has no bridges. 

 à A bridge is an edge cut for G. 
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Connectivity in undirected graphs 



An edge (u,v) ∈ E is a strong bridge if its removal increases the number of 
strongly connected components of G. 

A digraph G is 2-edge connected if it has no strong bridges. 

 à A strong bridge is an edge cut for G. 
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Connectivity in directed graphs 



An edge (u,v) ∈ E is a strong bridge if its removal increases the number of 
strongly connected components of G. 

A digraph G is 2-edge connected if it has no strong bridges. 

 à A strong bridge is an edge cut for G. 
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The edge (4,5) is a 
strong bridge. 

Connectivity in directed graphs 



Theoretical bounds 
Directed graphs 

l  Testing whether G is 2-vertex connected 
 I.e., find one vertex-cut (if any) 

 
l  Testing whether G is 2-edge connected 

 I.e., find one edge-cut (if any) 
 
 
l  Computing all connectivity cuts 

 (strong articulation points, 
 strong bridges) in G 

O(n+m) 
[Georgiadis 10] 

 
O(n+m) 

[Tarjan 76] + 
[Gabow & Tarjan 83] 

 
O(n+m) 

[Italiano, Laura and S. 2010] 
 
 

Same problem for undirected graphs was solved in linear time by Tarjan 
in 1973 ! 



Some applications 

•  Constraint programming - filtering for tree constraint: computing all the 
strong articulation points was an open problem posed by Beldiceanu et 
al [2005] 

•  Reliability in directed networks 
 
 
•  Connectivity and flow of information in social networks [Mislove et al. 

2007] 
 
 
•  Speed up computation of matrix determinants  
     [Bini & Pan 1994] [Maybee et al. 1989] 
 
… 



Naive algorithms 

Consider a directed strongly connected graph G. 
 

Algorithm Naive(SAP) 
 

•  For each vertex v check whether it is a strong articulation point by 
computing the SCCs of G/{v}. 

Total time: O(n(n+m)) 
 

Algorithm Naive(SB) 
 

•  Choose a vertex v and compute an out-branching            and an 
     in-branching           ; 
•  Consider the graph                                  : 

•  for each edge e in G’ check whether it is a strong bridge by 
computing the SCCs of G/{e}. 

Observation: G’ has the same strong bridges of G and G’ has 2n-2 
       edges.  [Italiano et al] 

Total time: O(n(n+m)) 
 

 

T +(v)
T −(v)

G ' = T +(v)T −(v)



Dominators 
We need few more definitions… 
 

Flowgraph G(s)=(V,E,s) 
A digraph with a distinguished vertex s from which every other vertex is reachable 

Vertex dominator 
(or simply dominator) 

Vertex v dominates vertex 
u if every path from s to u  
includes v. 
 
Trivial dominators 
For a vertex v, its trivial 
dominators are s and v. 
 
 
Vertex dominators of G(s) 
can be computed in linear 
time O(n+m) 

Edge dominator 
Edge e dominates vertex u if 
every path from s to u  
includes e. 
 
Edge dominators of G(s) can 
be computed in linear time 
O(n+m) 

1 

3 2 

6 

7 5 4 



Consider a strongly connected graph                  , its reversal 
graph                       , where                                         , and a vertex s∈V. 

Note that  A vertex v is a SAP in G      it is a SAP in     . 
     An edge (u,v) is a SB in G      (v,u) is a SB in    . 

 

 

Theorem [ Italiano et al ] 

A vertex v ≠ s is a strong articulation point in G  
                                  , where D(s) is the set of non-trivial dominators of 

G(s) and           is the set of non-trivial dominators of           . 
 
An edge (u,v)  is a strong bridge in G 
                             or                           , where DE(s) is the set of edge-

dominators of G(s) and              is the set of edge-dominators 
of           . 

Linear time algorithms 
G = (V,E)

GR = (V,ER ) ER = {(v,u) | (u,v)∈ E}

GR
GR

v ∈ D(s)DR (s)

⇔
⇔

⇔
DR (s) GR (s)

⇔(u,v)∈ DE(s) (v,u)∈ DER (s)
DER (s)

GR (s)



Linear time algorithms 
Consider a strongly connected graph G=(V,E) 
 
 

Algorithm ILS(SAP) 
 

•  Choose a vertex s and compute D(s); 
•  Reverse the graph and compute            ; 
•  Check if s is SAP by removing it from G and by computing the SCCs; 
•  Return                        , and s if the previous test succeeded. 
 
 

Algorithm ILS(SB) 
 

•  Choose a vertex s and compute DE(s); 
•  Reverse the graph and compute              ; 
•  Return                                                                        . 

 

Observation: They can be applyed to general digraphs. 
 

Total time: O(n+m) 

DR (s)

D(s)DR (s)

DER (s)
{(u,v) | (u,v)∈ DE(s)∨(v,u)∈ DER (s)}



Experimental analysis 
Experimental setup: 
•  CPU Intel Xeon X5650 (6 cores) @ 2.67GHz 12MB cache 

•  32GB of DDR3 RAM @ 1GHz 

•  Linux Red Hat 4.1.2-46 (Kernel 2.6.18) 

•  Java Virtual Machine 1.6.0_16 (64-Bit) 

•  WebGraph library 3.0.1 

•  Implementations written in Java to exploit features offered by WebGraph 
(designed to deal with large graphs) 

 



Experimental analysis 
Naive [ O(n(n+m)) ] VS linear time algorithms 

 

Experiments over small instances. 

 

 

 

 

 

 

ILS(SAP) and ILS(SB) algorithms are faster than naive algorithms for small 
instances, too. 



Experimental analysis 
Linear time algorithm evaluation 

 Dataset 
Real world graphs including: 

•  Web graphs 

•  Social networks 

•  Communication graphs 

•  Peer2peer networks 
•  Product co-purchase graphs 

The size of the graphs is up to  
22 million vertices and  
more than one half billion edges. 



Experimental analysis 

Running times (secs) 



Experimental analysis 

Running times (secs) 

…able to process massive graphs (billion edges) in 10-15 min 



 
SAPs appear often (15-25% co-purchase, 11-18% social) 

Experimental analysis 



 
SAPs appear often (15-25% co-purchase, 11-18% social) 
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SAPs appear often (15-25% co-purchase, 11-18% social) 

Experimental analysis 



The vast majority of SAPs are in big SCC (less for Web graphs) 
Experimental analysis 



The vast majority of SAPs are in big SCC (less for Web graphs) 
Experimental analysis 



SBs are less frequent (except for email graphs) 
Experimental analysis 



SBs are less frequent (except for email graphs) 
Experimental analysis 



SBs are also in big SCC (less for some social graphs) 
Experimental analysis 



SBs are also in big SCC (less for some social graphs) 
Experimental analysis 



Experimental analysis 
 Average indegree, 
outdegree and Page 
Rank of SAPs higher 
than average ! 

The only exception are 
product co-purchase 
graphs 
 

è Further indication of 
the importance of 
SAPs in real world 
graphs! 



Experimental analysis 

 A core of a directed network is the 
minimal set of vertices whose removal 
breaks the graph into many small 
SCCs. 
 Following an approximation used for 
Web graphs, a core of a directed social 
network can be approximated by the 
10% of highest degree. 

Mislove et al [2007]  
 

 How many of the highest degree 
 vertices are SAP? 

Very few of them! 

 Can we exploit SAPs to do 
better?! 

Current work 


